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ABSTRACT
The strong galaxy-galaxy lensing produces highly magnified and distorted images of
background galaxies in the form of arcs and Einstein rings. Statistically, these effects
are quantified, for example, in the number counts of highly luminous sub-millimeter
galaxies and of gravitational arcs. Two key quantities to model these statistics are
the magnification and the arc cross sections. These are usually computed using either
the circular infinitesimal source approximation or ray-tracing simulations for sources of
finite size. In this work, we use an analytic solution for gravitational arcs to obtain these
cross sections as a function of image magnification and length-to-width ratio in closed
form, for finite sources. These analytical solutions provide simple interpretations to the
numerical results, can be employed to test the computational codes, and can be used
for fast a computation of the abundance of distant sources and arcs. In this paper, the
lens is modeled by a Singular Isothermal Sphere, which is an excellent approximation
to radial density profile of Early-Type galaxies, and the sources are also axisymmetric.
We derive expressions for the geometrical properties of the images, such as the area
and several definitions of length and width. We obtain the magnification cross section
in exact form and derive a simple analytic approximation covering the arc and Einstein
ring regimes. The arc cross section is obtained down to the formation of an Einstein
ring and given in terms of elementary functions. Perturbative expansions of these
results are worked out, showing explicitly the correction terms for finite sources.
Key words: gravitational lensing: strong – methods: analytical – galaxies: general
1 INTRODUCTION
Gravitational arcs and Einstein rings (Saslaw et al. 1985)
are highly distorted and magnified images of distant galax-
ies (sources) due to the light deflection produced by fore-
ground galaxies acting as lenses. These images may be used
to probe the mass distribution in the lens galaxies (e.g. Treu
& Koopmans 2002; Koopmans et al. 2009), including sub-
structures and tests of the Cold Dark Matter paradigm (e.g.
Vegetti et al. 2012; Xu et al. 2015; Li et al. 2016); to find and
study high-redshift galaxies through the gravitational tele-
scope effect (Caminha et al. 2016; Negrello et al. 2017; Goo-
bar et al. 2017; Zavala et al. 2017); to constrain cosmological
models (Suyu et al. 2010; Cao et al. 2015; Treu & Marshall
2016); and to test modified gravity theories (Schwab et al.
2010; Enander & Mo¨rtsell 2013). For a review on galaxy-
scale strong lensing, see Treu (2010).
The many applications of strong lensing, in particular
by galaxies, motivated the search for arcs and Einstein rings
in Hubble Space Telescope (HST) images (e.g., Hogg et al.
? E-mail: vpacheco@cbpf.br
1996; Ratnatunga et al. 1999; Faure et al. 2008; Jackson
2008; Marshall et al. 2009), SDSS spectroscopy with HST
follow-up (SLACS survey, Bolton et al. 2006; Shu et al. 2017)
and in wide-field imaging surveys from the ground. In partic-
ular, the searches in the Canada–France–Hawaii Telescope
Legacy Survey (Cabanac et al. 2007; More et al. 2012; Son-
nenfeld et al. 2013a; Paraficz et al. 2016; Jacobs et al. 2017)
and in the ongoing DES1 (Nord et al. 2016; Diehl et al. 2017),
KiDS2 (Petrillo et al. 2017) and HSC3 (Sonnenfeld et al.
2018) surveys are leading to hundreds of galaxy-scale strong
lenses. These numbers are expected increase by about an
order of magnitude with the close completion of DES, KiDS
and HSC. Comparable numbers are expected from the forth-
1 Dark Energy Survey Collaboration et al. (2016), http://www.
darkenergysurvey.org/
2 Kilo-Degree Survey Survey, de Jong et al. (2015), http://kids.
strw.leidenuniv.nl/
3 Hyper Suprime-Cam Subaru Strategic Program, Aihara et al.
(2018), http://hsc.mtk.nao.ac.jp/ssp/
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coming J-PAS4 project. These numbers will increase even
further in the near future, with the operation of LSST5 and
Euclid,6 which are both expected to detect O
(
105
)
systems
with arcs (Collett 2015).
In recent years, strongly lensed systems started to be
discovered in wide-field surveys at sub-millimeter and mil-
limeter wavelengths, such as from the South Pole Telescope
(Vieira et al. 2013) and the Herschel-ATLAS survey (Ne-
grello et al. 2017). In this case, the systems are not identi-
fied by their arc or ring shape, but by the large magnifica-
tion of the sources (in this case dusty star-forming galaxies).
The surveys carried out with Herschel are expected to de-
liver a sample of more than a hundred of sub-mm bright
strongly lensed galaxies (Negrello et al. 2017), and could
reach around a thousand, depending on the detection tech-
nique (Lapi et al. 2012).
With such large numbers of objects from optical and
(sub-)mm surveys, it becomes intractable to perform a de-
tailed modeling of each system, in particular considering the
difficulty in obtaining high-resolution imaging and redshifts
for the sources. An alternative approach, known as strong
lensing statistics, is to calculate probability distributions of
observable properties of arcs, such as their length-to-width
ratio (L/W) and magnification, and compare them to obser-
vations (Grossman & Narayan 1988; Miralda-Escude 1993;
Wu & Hammer 1993; Bartelmann & Weiss 1994; Fedeli &
Berciano Alba 2009; Lima et al. 2010a,b). For an excellent
review on arc statistics, see Meneghetti et al. (2013).
To compute the abundance of arcs as a function of
their properties, one needs to know the number densities
of lens and sources as a function of some of their proper-
ties, including their redshift. These can be empirically de-
termined from observational data or be represented by fam-
ilies of models with parameters to be determined from the
arc statistics observations. Strong lensing statistics has been
applied to several problems, in particular involving galaxy
scale lenses, such as to predict the number of arcs found in
the SLACS survey (Dobler et al. 2008) and to explain the
abundance of highly luminous sub-millimeter galaxies (Lima
et al. 2010a,b; Hezaveh & Holder 2011; Lapi et al. 2012).
Another key ingredient in strong lensing statistics is the
efficiency to produce images with given properties — such
as magnification and length-to-width ratio. This efficiency is
encoded in the cross section and the main aim of the paper
is to compute this quantity for a specific lens and source
model.
During the past decade, several studies using a diverse
set of observables — specially weak and strong lensing —
and simulations have shown that the radial density profile of
galaxy-scale lenses (i.e. Early-Type galaxies) is surprisingly
close to the Singular Isothermal Sphere (SIS) profile (see e.g.,
Gavazzi et al. 2007; Koopmans et al. 2009; van de Ven et al.
2009; Blundell et al. 2010; Treu 2010; Bolton et al. 2012;
Grillo 2012; Lapi et al. 2012; Sonnenfeld et al. 2013b; Dye
4 Javalambre Physics of the Accelerating Universe Astrophysical
Survey, Benitez et al. (2014)
5 Large Synoptic Survey Telescope, LSST Science Collaboration
et al. (2009), http://www.lsst.org/
6 Refregier et al. (2010); Laureijs et al. (2011), http://www.
euclid-ec.org/
et al. 2018, and references therein), which is given by (Turner
et al. 1984; Binney & Tremaine 1987; Schneider et al. 1992):
ρ(r) = σ
2
v
2piG
1
r2
, (1)
where σ2v is the one-dimensional velocity dispersion. Re-
markably, lens models based on this solution and including
external shear and/or ellipticity, allow one to derive ana-
lytic solutions for several lensing related quantities (see e.g.,
Inoue & Chiba 2005; Dobler & Keeton 2006; Dobler et al.
2008; Chu et al. 2013; Er et al. 2013, Du´met-Montoya et al.,
in prep.), including gravitational arcs.
Generally, two approaches have been used for comput-
ing the cross section for arc statistics: either the source is
considered infinitesimal and several calculations can be car-
ried out analytically (see e.g., Oguri et al. 2001; Meneghetti
et al. 2003; Caminha et al. 2013; Du´met-Montoya et al.
2013; Er et al. 2013) or ray-tracing simulations are car-
ried out producing images of finite sources (Wu & Hammer
1993; Miralda-Escude 1993; Bartelmann & Weiss 1994; Ho
& White 2005; Hezaveh & Holder 2011; Lapi et al. 2012;
Redlich et al. 2012). The latter are more realistic, but also
more time consuming. Furthermore, the simulations have to
be carried out again for each change of parameter and the
results cannot always be interpreted in a transparent way.
Here we take an alternative approach, which is to use
the analytical solutions for arcs in the SIS case to derive the
cross sections. In this way we are able to introduce and study
the finite source effects in an analytic or semi-analytic way.
Furthermore, the treatment enables us to tackle the problem
down to the formation of Einstein rings, which cannot be
addressed with infinitesimal sources.
An advantage of analytic solutions is that they offer
the possibility of a more clear physical interpretation of the
results. They enable to probe the whole parameter space in-
volved and can be used for fast calculations. They can also
be used to test the accuracy of numerical codes that are de-
veloped for more generic models, in the specific situations
where the analytical results hold. Therefore, there is a com-
plementarity with fully numerical approaches and it is worth
to search for such analytical solutions.
In this work we consider the simple case of a circular
SIS model with circular sources (elliptical sources are ad-
dressed in a separate paper). We start by investigating the
geometrical properties of the images, seeking to obtain the
magnification and L/W in a closed form. We test several defi-
nitions of length and width and apply the results to compute
the cross sections of magnification and arc formation, which
can be used to predict the abundance of distant sources as a
function of flux and arcs as a function of L/W , respectively.
Remarkably, this problem can be treated analytically all the
way down to the computation of the cross sections and we
are able to express them, under some approximations, in
terms of elementary functions. We also obtain perturbative
solutions that explicitly show the correction terms for finite
sources. From the solutions obtained, we are able to clarify
some properties empirically found in more general situations
using simulations.
This paper is organized as follows: in Section 2, we
present a brief review of SIS lenses and the solution for finite
sources. In Section 3, we derive expressions for the magni-
MNRAS 000, 1–17 (2018)
SIS Cross Sections in the circular case 3
fication, length and widths of the images, which are used
in Section 4 to obtain the magnification and arc formation
cross sections. In Sections 5 and 6, we summarize and dis-
cuss our results. In Appendix A, we compare the solutions
for the SIS arcs to the ArcEllipse geometrical figure. Finally,
in Appendix B, we discuss the semi-analytic method intro-
duced by Fedeli et al. (2006) for finite sources in the context
of the arc cross sections obtained in this paper.
2 ARCS IN THE SIS MODEL
In this section, we present a brief overview of axially sym-
metric singular isothermal lens models and circular sources
to fix the notation and provide the basic expressions to be
used in the paper.
2.1 Lensing by a Singular Isothermal Sphere
The lensing properties are encoded in the lens equation,
which relates the position of the observed images ξ to those
of the source η. By choosing a characteristic length-scale ξ0
and defining x ≡ ξ/ξ0 and y ≡ η/η0, where η0 ≡ DOSξ0/DOL ,
and DOS and DOL are the angular diameter distances from
the observer to the source and the lens, respectively, lens
equation can be written in dimensionless form (Schneider
et al. 1992; Petters et al. 2001; Mollerach & Roulet 2002):
y = x − α(x), (2)
where α(x) is the dimensionless deflection angle.
The local distortion in the lens plane is described by the
Jacobian matrix of the transformation (2)
J =
(
∂y
∂x
)
i j
= δi j − ∂iαj (x). (3)
The eigenvalues of the Jacobian matrix give the inverse
of the magnification in the tangential and radial directions
and can be written as
λr,t (x) = µ−1r,t (x) = 1 − κ(x) ± γ(x), (4)
where κ(x) and γ(x) are the convergence and the shear. The
positive sign gives the eigenvalue associated to the tangential
eigenvector and the negative sign corresponds to radial one.
For axially symmetric lens models we have
κ(x) = 1
2
[
α(x)
x
+
dα(x)
dx
]
, γ(x) = 1
2
[
α(x)
x
− dα(x)
dx
]
, (5)
where x = |x| is the radial coordinate.
The sets of points for which λr,t (x) = 0 determine the
radial and tangential critical curves, respectively. Mapping
these curves onto the source plane give us the caustics.
For the SIS density profile (equation (1)), if we choose
the length-scale ξ0 as the Einstein radius
ξ0 = RE =
σ2v
GΣcrit
, (6)
where Σcrit is the critical surface mass density
Σcrit =
c2
4piG
DOS
DOLDLS
, (7)
and DLS is the angular diameter distance from the lens to
the source, then the convergence, shear and deflection angle
are
κ(x) = γ(x) = 1
2x
, α(x) = xˆ, (8)
and the lens equation (2) is
y = (x − 1) xˆ, (9)
where xˆ is the radial unit vector.
For y = |y| < 1 this equation has two solutions, one with
x < 1, i.e., the image is inside the Einstein ring, and one
with x > 1, which we call the internal and external images,
respectively. For y > 1 there is only one solution and the
boundary where the multiplicity changes (the curve y = 1) is
often referred to as radial pseudo-caustic (Dobler & Keeton
2006) and we will keep this terminology along the text.
Substituting expressions (8) in equation (4), the eigen-
values of the Jacobian matrix, are given by
λr = 1, λt = 1 − 1x . (10)
Therefore, the tangential critical curve is given by x = 1, i.e.,
the Einstein radius, and there is no radial critical curve.
The change in shape of infinitesimal sources is given by
a linear transformation defined by the Jacobian in Eq. (3).
In particular an infinitesimal circular source of radius R0 will
be mapped into an ellipse whose semi-axes in the tangential
and radial directions will be given by, respectively a = R0 |µt |
and b = R0 |µr |. Therefore, the axial ratio of the image, Rλ,
and the magnification, µ, which is the ratio between the
areas of the image and the source, will be given by
Rλ =
 µtµr
 , µ = |µt µr | . (11)
For the SIS lens, the infinitesimal axial ratio and magnifi-
cation are the same, as the radial eigenvalue is unity. From
Eqs. (4) and (10) they are given by
Rλ = µ =

1
x
− 1, if x ≤ 1
1 − 1
x
, if x > 1.
(12)
Using the lens equation (9), these quantities are expressed
in terms of the source plane variables as
Rex,in
λ
= µex,in = ±1 + 1
s
, (13)
were s = y is the position of the source and the positive sign
corresponds to the external image and the minus sign to the
internal one.
2.2 Analytic solutions for arcs from circular
sources
We use the lens equation to map a set of points representing
the contour of a circular source so as to obtain its images.
Consider a circular source with radius R0 centered at (s1, s2).
We may write its boundary in the source plane as
R0 = y − s, with s = s1yˆ1 + s2yˆ2. (14)
Substituting the lens equation (9) in the expression above
and changing to polar coordinates yields
R0 = (x − 1 − s1 cos φ − s2 sin φ) xˆ + (s1 sin φ − s2 cos φ) φˆ, (15)
MNRAS 000, 1–17 (2018)
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where φ is the polar angle. Using R20 = |R0 |2 and solving for
x, we obtain
x(±) = 1 + s1 cos φ + s2 sin φ ±
√
R20 − (s1 sin φ − s2 cos φ)2. (16)
Rewriting s1 and s2 as
s1 = s cos θ, s2 = s sin θ, (17)
Eq. (16) becomes
x(±) = 1 + s cos(φ − θ) ±
√
R20 − s2 sin2(φ − θ), (18)
which gives the outer and inner parts of the images, as in-
dicated in Fig. 1.
The points where the discriminant in Eq. (18) is zero
define the arc extremities. Two ranges of φ may have a pos-
itive discriminant, indicating the existence of two solutions
(as in the example of Fig.1), one inside the tangential criti-
cal curve and the other outside it, which we refer to as the
internal and external arcs, representing them with the upper
labels “in” and “ex” along the paper.
Eq. (18) is the well known analytic solution for circular
sources and the SIS lens (see e.g. Inoue & Chiba 2005; Dobler
& Keeton 2006; Dobler et al. 2008, and Du´met-Montoya et
al., in prep., for more generic solutions in isothermal mod-
els). An expression of similar form is obtained as an ap-
proximate solution for arcs for generic radial profiles in the
perturbative method of Alard (2007), which is exact in the
SIS case (Du´met-Montoya et al. 2013). Therefore, we ex-
pect that the approach of this paper can be extended for
more generic lens models, either using exact or perturbative
solutions.
We define the arc ridgeline7 as the mean of the inner
and outer parts of the arc, which is independent of the source
radius and is given by
x(φ) = x
(+) + x(−)
2
= 1 + s cos(φ − θ). (19)
This curve is also shown in Fig. 1 (dotted line), which con-
tains the tangential critical curve as well (dashed circle).
The curve given by expression (19) is known as the Pas-
cal limac¸on (Lawrence 1972). If s ≤ 1/2, the limac¸on is con-
vex; if 1/2 < s < 1, the limac¸on is dimpled; if s = 1, the li-
mac¸on degenerates to a cardioid and if s > 1, the limac¸on has
an inner loop. The limac¸on is not a circumference, therefore
the arc ridgeline is not an arc segment. On the other hand,
the portion passing across the external arc is quite similar
to an arc of a circle, but with curvature center shifted from
the lens’ center (see Sec. 3 and the Appendix A).
Since the lens is axially symmetric we can choose the
source position along the (positive) x-axis, such that we set
θ = 0 without loss of generality. In this case the center of
the external and internal arcs will be at φc = 0 and pi, re-
spectively. From the discriminant in Eq. (18) we obtain the
7 Rigorously speaking the arcs we are considering do not have
a ridgeline, as they represent only a boundary (or the image of
a uniform brightness source). However, for a source with radial
brightness distribution (i.e. with concentric circular isophotes)
the brightness peak along any radial direction will be given by the
curve defined in Eq. (19). Therefore we employ this nomenclature
even in the current case.
angular position for the arcs extremities, which, for the ex-
ternal arc, are given by φi = −φ0 and φ f = φ0, where
φ0 = arcsin
(
R0
s
)
. (20)
For the internal arc we simply add pi to both angles, since
they are complementary.
In this paper we are interested in the case of images
that can have large magnifications and length-to-width ra-
tios, which implies that the sources must be smaller than
the Einstein radius, R0 < 1. There are three possible image
configurations for the finite sources in this case: Einstein
ring, two images or one image. These configurations depend
on the position s of the center of the source relative to its
radius R0:
• for s ≤ R0 the source includes the tangential caustic,
i.e. the lens center, and we have an Einstein ring. If s = 0
the ring is centered at the origin. The equality indicates the
limit between the formation of two images and an Einstein
ring, where the two images touch at their extremities.
• for R0 < s < 1+R0 the source is inside the pseudo-caustic
and in this case we have two images.
• for s ≥ 1 + R0 the source is completely outside the
pseudo-caustic and in this case we have one image.
The external image is always arc-shaped, until the for-
mation of the Einstein ring. The situation with the inter-
nal image is a bit more tricky, as its shape will depend on
the values of s and R0. The arc rigdeline (i.e. the limac¸on)
can provide a guideline to classify this image. For s < 1/2,
i.e. when the source center position is smaller than half the
pseudo-caustic radius, the limac¸on is smooth and has pos-
itive curvature in all positions. In this case, the image will
have an arc shape, as in Fig. 1 (left panel). At s = 1/2 the
limac¸on has zero curvature at the image position and the
arc ridgeline will be straight for small sources. In the inter-
mediate region, 1/2 < s ≤ 1, where the limac¸on has a cusp
towards the center, this image will lose its arc shape and
starts looking like a “droplet” (round on one side and more
pointy towards the center of the lens), becoming larger in the
radial than in the tangential direction. For s > 1 only the
outer solution of the internal arc will be real, as this image
will contain the lens center. This second image would not
exist in the case of an infinitesimal source, but is present
for a finite source, provided that the previously discussed
condition, R0 < s < 1 + R0, holds.
Understanding the shape of the internal image is impor-
tant for interpreting the results of Section 3. In particular,
some length and width definitions will start to have an odd
behavior for s & 1/2. The magnification of the internal image
is close to unity at s = 1/2 and this image becomes highly
demagnified as s approaches 1. In the present study we shall
focus only on high magnifications and distortions, which oc-
cur for s < 1/2. However, we will still show some results for
larger values of s for completeness.
Both the external arc and the internal arc in the s < 1/2
regime have smooth extremities, as in the left panel of Fig. 1.
However, on the verge or merging and forming an Einstein
ring, the extremities become sharp (see e.g., Fig. 2 of Liebes
1964, which considered finite circular sources and a point
lens).
One may define the center of curvature of the arc(s) as
MNRAS 000, 1–17 (2018)
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the center of the circumference that passes through the arc
extremities, Pi and Pf , and its center, Pc (see Fig. 1). The
position of this center is given by8
x0 =
s
2
(
1 +
1
1 ± s (1 + cos φ0)
)
, (21)
such that the center of curvature of the arc(s) is offset with
respect to the lens center. For s  1 this offset is simply
given by s, i.e., the center of curvature is at the source center.
The arc radius of curvature will be given by
r0 = x(0) ∓ x0 = 1 ± (s − x0) . (22)
3 GEOMETRICAL PROPERTIES OF THE
IMAGES
In order to compute the magnification and arc cross sections,
we need to determine the area and the axial ratio of the
images. The next sections are devoted to the computation
of these geometrical quantities and the search for accurate
expressions in closed form.
3.1 Area and finite source magnification
The area of the image(s) can be written as:
A =
∫ φ f
φi
∫ x(+)
x(−)
x dx dφ =
∫ φ f
φi
W(φ)x(φ) dφ, (23)
where x(φ) is given in Eq. (19) and
W(φ) = x(+) − x(−) = 2R0
√
1 − (s/R0)2 sin2 φ, (24)
i.e., W(φ) is the arc width measured in the radial direction
at the angular position φ. This quantity is the same for the
internal and external arcs, as the SIS has no radial magnifi-
cation.
For s > R0 there are two ranges of φ (spanning 2φ0
each), corresponding to the two images, and the area for the
external and internal arcs is given by:
A = 4R0E
(
φ0, (s/R0)2
)
± piR20, (25)
where φ0 is given in Eq. (20) and E(α,m) is the incomplete
elliptic integral of the second kind (Byrd & Friedman 1971),
which is given by
E(α,m) =
∫ α
0
√
1 − m sin2 θdθ =
∫ sinα
0
√
1 − mt2(
1 − t2) dt . (26)
The magnification of each image is simply the ratio of
the image and source areas
µex,inA =
A
piR20
= ±1 + 4
piR0
E
(
φ0,
(
s
R0
)2)
. (27)
This result is equivalent to the one found by Inoue & Chiba
8 From here on we will use the convention that the first sign (i.e.
the + in ± and the − in ∓) will refer to the external arc, while the
second one will correspond to the internal image. The superscripts
“ex” and “in” will only be kept whenever needed for clarity.
(2005, their Eq. (5)), which was expressed in terms of com-
plete elliptical integrals of the first and second kinds.
The finite source magnification (27) can be expanded for
low values of R0/s, i.e., far from the Einstein ring formation,
as
µex,inA ≈ ±1 +
1
s
+
R20
8s3
+ O
[(
R0
s
)4]
, (28)
which is valid even for very large magnifications (s  1). As
expected, at zeroth order in the source size, the finite source
magnification is exactly the Jacobian of the transformation,
µ (Eq. 13). The first correction for finite size is quadratic in
R0. We notice that, for small sources and before the forma-
tion of an Einstein ring, the effect of finite source is always
to increase the magnification with respect to the infinitesi-
mal case, for both the internal and external arcs. This same
qualitative result was found in Bontz (1979) for a point mass
lens.
The total magnification of the source is the ratio of the
area of all images to the source area, which is simply the
sum of the magnifications for each arc
µA =
Ain +Aex
As =
8
piR0
E
(
φ0,
(
s
R0
)2)
. (29)
In this work we are interested in highly magnified (and
distorted) sources. For the SIS this happens only in the
regime where there are two images or an Einstein ring and
for sources smaller than the Einstein radius (R0 < 1).9
Therefore, we will use expression (29) throughout the pa-
per.
In the case of Einstein rings (s ≤ R0) the integral in (23)
runs from 0 to 2pi, so that φ0 = pi/2 in the expression above,
and the area is
AE = 8R0 E
((
s
R0
)2)
, (30)
where E(m) = E(pi/2,m) is the complete elliptic integral of
the second kind. Therefore the Einstein ring magnification
is
µEA =
8
piR0
E
((
s
R0
)2)
, (31)
which is again equivalent to the result in Inoue & Chiba
(2005).
Close to a centered Einstein ring (s/R0  1) the mag-
nification can be expanded as
µEA ≈
4
R0
− s
2
R30
+ O
[(
s
R0
)4]
. (32)
The first term corresponds to the magnification of a perfectly
aligned observer–lens–source and gives the maximum mag-
nification for a finite circular source, µmax = 4/R0 (Peacock
1982). In this case the image is an annulus of circumference
2pi and width 2R0.
Combining Eqs. (29) and (31), for s/R0 > 1 and ≤ 1, re-
spectively, gives the total magnification for the whole range
9 The magnification of large sources (R0 > 1) is discussed in Inoue
& Chiba (2005).
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Figure 1. Sketch showing the inner and outer parts of the external and internal arcs (magenta and blue curves), arc rigdeline (dotted
line on the right panel) and critical curve (dashed line). The points Pi , Pf and Pc are the extremities and center of the arc, whose radial
position is the ridgeline evaluated at the angular positions for these points (x (φi ), x
(
φ f
)
and x (φc )). On the left panel we also show the
circumference of radius r0 passing through these 3 points, which defines the curvature center, and the arc aperture 2θ0 with respect to
this center (black solid line).
of source positions s. The maximum value of this function oc-
curs for s = 0 and is given by µmax. In the boundary between
the two arc and the Einstein ring solutions the magnification
is µtrans = 8/(piR0).
3.2 Length
Contrarily to the area, there is no unique definition of length
for generic shapes. In the case of gravitational arcs a few
choices have been used in the literature for both simulated
and real images. They all use the arc extremities, points Pi
and Pf in Fig. 1, and involve the determination of an arc
center in a way or another. This center is usually chosen as
the image of the center of the source, in the case of simu-
lated images, corresponding to Pc in this figure. Below we
test several length definitions, seeking at the same time ex-
pressions that are accurate to describe the arc shape and
that are written in a simple form in terms of elementary
functions.
1) Geometrically, the simplest length definition is to con-
sider the sum of the segments connecting the arc extremities
to its center (see Fig. 1 right panel):
L1 = PiPc + PcPf . (33)
This definition has been applied to both real and simulated
arcs (see e.g., Oguri 2002; Ho & White 2005; Xu et al. 2016).
The angular positions of Pi , Pf and Pc are simply φi = −φ0,
φ f = φ0 and φc = 0, and their radial position is simply the
ridgeline evaluated at these angles, x (φi), x
(
φ f
)
and x (φc).
Therefore, the lengths of the external and internal arcs will
be given by
L1 = 2
√
2 + R20 − 2 cos φ0 ± 2R0 sin φ0. (34)
2) A simple way to define a length that follows the shape of
the image is to integrate the tangential part of the ridgeline
(Eq. 19) along the arc:
L2 =
∫ φ f
φi
x(φ)dφ = 2 (φ0 ± R0) = 2
(
arcsin
(
R0
s
)
± R0
)
, (35)
which has also a very simple expression.
3) More rigorously, the length of the arc ridgeline is given
by
L3 =
∫
dl =
∫ φ f
φi
√
x2 +
(
dx
dφ
)2
dφ. (36)
This is the most natural definition of an “exact” arc length
in this context and will be taken as a reference when we
compare the different expressions for the length that will
be tested. As far as we know, the only application of this
definition to arcs is given by the so-called Mediatrix method
(Bom et al. 2012, 2017, and Bom et al., in prep.).
The expression above is the length of the limac¸on between
the image extremities and is given by
Lex3 = 4 (1 + s) E
(
φ0
2
,
4s
(1 + s)2
)
(37)
and
Lin3 = 4 (1 + s)
[
E
(
pi + φ0
2
,
4s
(1 + s)2
)
− E
(
4s
(1 + s)2
)]
. (38)
Although several numerical methods exist for the fast
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computation and inversion of these functions (see e.g.,
Fukushima 2013, 2015), the expressions above do not allow
us to obtain the arc cross section in a simple form. There-
fore, we will seek other definitions that provide results close
to the one above, but can be expressed in terms of simple
functions.
4) Currently, the most commonly used length definition
(see e.g., Miralda-Escude 1993; Bartelmann & Weiss 1994;
Meneghetti et al. 2008) is given by the arc of circumference
passing through the image extremities and its center (i.e.
the circle containing the points Pi , Pc and Pf ):
L4 = 2θ0r0, (39)
where r0 is the curvature radius given by Eqs. (21) and (22)
and θ0 is half of the arc aperture with respect to the curva-
ture center, as indicated in Fig. 1, and is given by
θ0 = arcsin
©­­«
(
1 ±
√
s2 − R20
)
r0
R0
s
ª®®¬ . (40)
As we shall see, L4 provides an excellent approximation
to L3 and is written explicitly in terms of simple functions.
Nevertheless, it does not allow one to obtain the cross sec-
tion in closed form. Therefore, we test two alternative length
definitions using the arc of a circle, but now centered at the
origin (lens center) instead of the curvature center, such that
the arc spans the angle 2 φ0. The points Pi/Pf and Pc are
located at different radii with respect to that center and we
test with these two radii, defining L5 and L6.
5) Arc of a circle with aperture 2 φ0 and radius at Pc :
L5 = 2φ0x (0) = 2φ0 (1 ± s) = 2 arcsin
(
R0
s
)
(1 ± s) , (41)
which has indeed a simpler expression than L4.
6) Same as above, but using as radius the distance between
lens center and the arc extremities:
L6 = 2φ0x (φi) = 2φ0 (1 ± s cos φ0) (42)
= 2 arcsin
(
R0
s
) (
1 ±
√
s2 − R20
)
, (43)
which is also more tractable than L4.
In Fig. 2 we show the fractional difference of all length
definitions above as compared to L3, which we take as the
“exact” length. Let us focus first on the external arc (upper
panel). We see that all proposed definitions are in excellent
agreement in the whole range of s and R0. The highest devi-
ations occur close to the Einstein ring limit and are at most
of the order of 10% for R0 = 0.2. In the case of L1, as it
approximates the arc by two chords, even for infinitesimal
sources we have L1 → 2
√
2 close to the formation of the Ein-
stein ring, such that the fractional difference with respect to
L3 is ∼ 10% at this point. The approximations become bet-
ter for smaller arcs (higher s, lower R0), as will be discussed
below. We see that L1 and L6 always underestimate the arc
length, while L5 overestimates it, which is the expected be-
havior from their definitions. The expressions L2 and L4 are
in striking agreement with L3 all the way down to very close
to the Einstein ring formation.
For the internal image the situation is a bit more com-
plicated, since its shape can deviate substantially from an
arc, which happens somewhere in the interval 1/2 < s < 1,
depending on the source size, as discussed in Section 2.2. The
comparison of the length definitions in this case is shown in
Fig. 2 (lower panel). The changes in shape are clear from
the behaviors as a function of s in the bottom left panel. We
recall that all length definitions are based on points along
the limac¸on between the extremities of the arc, which loses
its concavity and becomes dimpled for s > 1/2. For s < 1/2
all length definitions are well behaved and similar, with less
than 5% deviation, except close to the Einstein ring for-
mation. In the intermediate region the deviations become
larger. For s > 1 the length starts to decrease and some
definitions cease to be valid.
To compute the arc cross section, we are interested in
highly elongated and magnified images. The infinitesimal
source L/W (Eq. 13), which gives an order of magnitude of
the finite source value, is unity at s = 1/2 and decreases for
higher values of s. Therefore, we are only interested in the
regime where the lengths are well defined and well behaved.
In this regime, all approximations agree to within ∼ 10%.
Again, the best approximations are L2 and L4, specially for
lower values of s, which is the relevant regime for the cross
section.
In the lower right panel of Fig. 2 we show the lengths as
a function of R0 for s = 0.2. The behavior is qualitatively sim-
ilar to that of the external arc, but now L5 underestimates
and L6 overestimates the length, also as expected from their
definitions. It is clear that, by far, L2 and L4 are the best
approximations to L3 in all the relevant range of s for both
the external and internal arcs. In particular, L4 is almost
indistinguishable from our reference length definition. Nev-
ertheless, we will use L2 to compute the arc cross section in
Sec. 4.3 owing to its simplicity, which will allow us to obtain
an expression in closed form.
The expressions (34–43) that we have obtained above
for L1–L6 are valid for any source size R0 and position s > R0.
However, it is useful to obtain perturbative solutions for
small sources. Expanding these expressions up to third order
in R0 we obtain:10
L1 ≈ 2
(
±1 + 1
s
)
R0 +
R30
4s3(1 ± s), (44)
L2 ≈ 2
(
±1 + 1
s
)
R0 +
R30
3s3
, (45)
L3 = L4 ≈ 2
(
±1 + 1
s
)
R0 +
(1 ± s + s2)R30
3s3(1 ± s) , (46)
L5 ≈ 2
(
±1 + 1
s
)
R0 +
(1 ± s)R30
3s3
, (47)
L6 ≈ 2
(
±1 + 1
s
)
R0 +
(1 ∓ 2s)R30
3s3
. (48)
These approximations are valid for arbitrary magnifications,
as long as we are far from the Einstein ring formation
10 Considering s < 1/2 for the internal arc, for the reasons dis-
cussed previously on the behavior of the internal image around
this region.
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Figure 2. Relative difference (∆L/L3 = (Li − L3)/L3) between the various length measurements considered. The parameters used were:
R0 = 0.2 (left) and s = 0.2 (right).
(R0  s). The first order term in R0 yields exactly the
infinitesimal source approximation L = 2R0 |µt |x=1±s as ex-
pected (see Eqs. 10 and 13). The expansions above provide
the lowest order corrections for finite sources to the various
length definitions.
For small values of s, i. e. high magnifications, all pro-
posed measures of L (except L1) also agree up to third order
in R0. Interestingly the expansions for L3 and L4 agree ex-
actly up to this order, for any value of s, which is in agree-
ment with what we see in Fig. 2. Neglecting the quadratic
term in s in expression (46), we see that L2 = L3(L4), which
explains why L2 is so close to L3(L4) in the plots of Fig. 2.
It is also clear from the expressions (46), (47), and (48) why
L5 is larger and L6 is smaller than L3 for the external arc,
and the other way around for the internal one. In brief, all
the qualitative behaviors pointed out in Fig. 2 are clearly
seen in the perturbative expansions above.
3.3 Width
If the arc length has not a unique definition, the determina-
tion of the width is even more ambiguous. Several methods
have been proposed and tested in the literature (see e.g.,
Redlich et al. 2012; Meneghetti et al. 2013, for reviews). As
in the previous section, our aim here is to test several defi-
nitions of W seeking expressions that are at the same time
representative of the arc shape and that can be expressed in
simple analytical form.
A natural definition in the context of the smooth SIS
arcs with a well defined boundary is to choose the width
along the direction perpendicular to the ridgeline at the arc
center:
Wc = W(0) = 2R0, (49)
where W(φ) is given in Eq. (24). The result above, which is
the same for internal and external arcs, is easy to interpret
as the lensing by a SIS does not change the radial positions
and thus the width of the image defined as above is the same
as the source diameter.
For more realistic arcs, from ray-tracing simulations or
real data, the shapes can be less symmetrical and the object
boundary is subject to irregularities. It is therefore suitable
to use information from the whole object, instead of a mea-
surement across a single direction, as above. One approach
that has been often used in the literature is to derive a width
from the object area A and length L, W ∝ A/L. The pro-
portionality constant depends on the shape of the object.
In Bartelmann & Weiss (1994) and subsequent works, the
images are fitted by simple geometric figures, such as rect-
angles, ellipses or rings. The figure that best fits the objects
defines the constant, which is, for example, 1 for rectangles
and 4/pi for ellipses. It turns out that the arcs that we con-
sider in this paper are very well fit by a figure known as
ArcEllipse (Furlanetto et al. 2013, see Appendix A). The
A–L–W relation for the ArcEllipse is identical to that of an
ellipse and therefore we define the width as
Wi =
4A
piLi
, (50)
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where Li represents the definitions of lengths used previ-
ously. As in the previous section, we take the length along
the ridgeline L3 and define W3 as our reference value to com-
pare the different width definitions.
Another width definition that has been used more re-
cently (Meneghetti et al. 2008; Redlich et al. 2012) is to
consider the mean (or the median) of the width of the ob-
ject along the radial direction with respect to its center (or
in the direction orthogonal to the object ridgeline). This is
akin to computing
W =
1
φ f − φi
∫ φ f
φi
W(φ)dφ = 2R0
φ0
E
(
φ0,
s2
R20
)
. (51)
In Fig. 3 we show the relative difference of the various
definitions tested with respect to the reference value, W3,
as a function of s and R0. All expressions, except W , agree
reasonably well in the whole interval of s and R0 (we recall
that only the range s < 1/2 is relevant for the internal arc).
The behavior of Wi traces back to the behavior of Li seen in
Section 3.2, as A is the same for all width definitions. We see
that the ratio W/W3 is almost constant in the whole range of
parameters (considering s < 1/2). The proportionality factor
is discussed below and in Appendix A. The expression Wc is
closer to W3 for the external than for the internal one. The
difference is at most ∼ 10% (∼ 20%), close to the Einstein
ring limit, for the external (internal) arc, and less then ∼
2% (∼ 5%) in most of the parameter range. Owing to the
simplicity of Wc , we will use this expression to obtain the
arc cross section in an analytical form. On one hand, the
differences pointed out above with respect to W3 are much
smaller than the finite source effect on the cross section. On
the other hand, in a practical application, as long the arcs
are measured in the same way as used to compute the cross
section, any definition of W is valid.
As we did for the length, it is illustrative to derive the
perturbative expansions of the width for small source sizes,
which are given by
W1 ≈ 2R0 ±
R30
4s (1 ± s)2
, (52)
W2 ≈ 2R0 −
R30
12s2(1 ± s), (53)
W3 = W4 ≈ 2R0 −
(1 ± s + 4s2)R30
12s2(1 ± s)2 , (54)
W5 ≈ 2R0 −
(1 ± 4s)R30
12s2(1 ± s), (55)
W6 ≈ 2R0 −
(1 ∓ 8s)R30
12s2(1 ± s), (56)
Wc = 2R0, (57)
W ≈ piR0
2
(
1 − (4 − 3s)R
2
0
24s2
)
. (58)
Here again the first term is derived from the eigenvalue of the
Jacobian matrix of the transformation, W = 2R0µr = 2R0,
and the first correction is quadratic in R0 with respect to
this term (except for Wc). The differences among the Wi
are due to the differences in Li and all W2–W6 agree for
high magnifications (s  1) up to third order in R0. It is
clear that W , when corrected by a factor 4/pi, gives the same
result as the other definitions (to first order in R0). The
same happens for an ArcEllipse (Appendix A), for which
the relation Wc/W = 4/pi holds exactly. The same correction
factor was found by Redlich et al. (2012) to relate the mean
width to the one based on the area of the ellipse.
To derive a perturbative expression for the arc cross
section for small sources, it is useful to write the length-to-
width ratio from the expansions that were obtained before.
In particular, as we will compute the cross section based on
L2 and Wc , we obtain the ratio
L2
Wc
≈ ±1 + 1
s
+
R20
6s3
, (59)
which yields the infinitesimal axial ratio Rλ (Eq. 11) at ze-
roth order in R0 and the lowest order correction for finite
sources.
As in the case of the magnification, the axial ratio is
always increased with respect to the infinitesimal source, as
long as we are far from the Einstein ring formation (s  R0).
4 CROSS SECTIONS
The cross section is defined as the area in the source plane
that generates images with some specified properties, e.g. ax-
ial ratio or magnification above a certain threshold (Schnei-
der et al. 1992; Bartelmann et al. 1995):11
σ =
∫
Ω
d2y, (60)
where the domain Ω is the region in the source plane satisfy-
ing the condition, for example, magnification above a given
threshold (µ > µth) or images with length-to-width ratio
above a given value (L/W > R).
The cross section can be expressed in terms of the lens
plane variable x using the Jacobian (3)
σ =
∫
Ωx
| det J(x)|d2x, (61)
where now the domain of integration is defined for the quan-
tities (e.g. length-to-width ratio or magnification) expressed
in terms of the lens plane coordinates.
As the local magnification and axial ratio (Eqs. 4 and
11) are naturally obtained in the lens plane, the form of
the cross section above is the most often used when consid-
ering infinitesimal sources. Working in the source plane is
computationally more expensive, as it requires solving the
lens equation (2). Care must be taken when working in the
lens plane as multiple regions in this plane (corresponding
11 We recall that all distances in this paper are given in
units of the Einstein radius. Therefore, to convert the cross sec-
tion to physical units, one must multiply this expression by ξ20
(from Eq. 6). In terms of the solid angle in steradians: σsr =
σ (ξ0/DOL)2 .
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Figure 3. Relative difference (∆W/W3 = (Wi −W3)/W3) between the various width measurements considered. The parameters used were:
R0 = 0.2 (left) and s = 0.2 (right).
to different images) can be mapped to the same region in
the source plane. This multiplicity has to be accounted for
in the cross section computation.
When finite sources are considered, the lens equation
has to be solved (either numerically or analytically) to ob-
tain the images, and the cross section is computed as in Eq.
(60).12 In the case of this paper, not only the lens equation
has a simple analytical solution, but also we have derived
expressions for µ and L/W as a function of the position of
the center of the source s in closed form. This will enable us
to compute the cross section (Eq. 60) in a simple form.
In the SIS case with circular sources, due to the axial
symmetry and since µ is a monotonically decreasing function
of s, the cross section (60) is simply given by
σµ = pis2th, (62)
where µ (sth) = µth.
For the arc cross section there is another condition, as
for s < R0 an Einstein ring is formed. Therefore, the domain
in s where arcs with L/W > R are formed is given by sth ≥
s > R0, where L/W (sth) = R. The cross section is thus the
area of the annulus defined by this condition
σL/W = pis2th − piR20 . (63)
12 See, however, Fedeli et al. (2006) and the discussion in Ap-
pendix B.
4.1 Infinitesimal Cross Section
In the infinitesimal circular source approximation the axial
ratio is given by Eq. (12), so that the condition L/W = Rλ >
R yields two solutions for x:
xλ =

xmax =
R
R − 1,
xmin =
R
R + 1
.
(64)
Therefore, the domain of integration in Eq. (61) is an an-
nulus with radii determined by the values above. Using the
Jacobian given in Eq. (12), the cross section (61) is
σλ =
∫ 2pi
0
∫ 1
xmin
(
1
x
− 1
)
xdxdφ +
∫ 2pi
0
∫ xmax
1
(
1 − 1
x
)
xdxdφ
=
pi
(R + 1)2
+
pi
(R − 1)2
= 2pi
R2 + 1(
R2 − 1)2 , (65)
as obtained in Bartelmann et al. (1995); Du´met-Montoya
et al. (2013); Er et al. (2013). Notice that the region with
x < 1 corresponds to the internal image and the region with
x > 1 corresponds to the external image. Therefore, we can
split the cross section into two, one for the internal image
having Rλ > R and the other for the external image satisfying
this condition:
σin,ex
λ
=
pi
(R ∓ 1)2
. (66)
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This result is the same one would have obtained working
in the source plane Eq. (60) and considering the axial ratio
for each image in the source plane (Eq. 13) to define the
integration domain.
The total magnification is given, in the source plane
(Eq. 13), simply by13
µ = µin + µex =
2
s
. (67)
The condition µ > µth sets the cross section (Eq. 62) as
(Schneider et al. 1992):
σµ =
4pi
µ2th
. (68)
4.2 Finite Source Magnification Cross Section
The exact magnification cross section for finite circular
sources is found from (62) by solving µA (sth) = µth for sth,
where µA is given by Eq. (29) for s ≥ R0 and by Eq. (31)
for s ≤ R0. The result from the numerical inversion of the
elliptic integrals is shown in Fig. 4, along with the results for
infinitesimal sources (Eq. 68) and an approximate solution
discussed below.
For R0  s we may obtain an analytical solution by
using the approximation (28), such that the total magnifi-
cation is
µPtot =
2
s
+
R20
4s3
. (69)
To determine sth we solve the third order equation µPtot = µth
and expand the solution to the lowest non-trivial order in
R0, to obtain the cross section
σPµ =
4pi
µ2th
+
pi
4
R20 . (70)
As expected, in this regime the cross section for finite sources
is enhanced with respect to the infinitesimal one, as the mag-
nification is also higher in this case (Eq. 69).
We may also obtain a perturbative solution close to the
perfectly aligned Einstein ring from Eq. (32), which can be
easily solved for sth to obtain
σEµ = pi
(
4R20 − µthR30
)
= pi (µmax − µth) R30 . (71)
The cross section vanishes for µth ≥ µmax = 4/R0, as no
image can have a magnification above this value. This is
in contrast to the infinitesimal source case, for which the
magnification is unbounded and the cross section (Eq. 68)
never vanishes. Thus, for high magnifications, within the
Einstein ring regime, the finite source cross section is smaller
than the infinitesimal one.
While the approximation (70) is still good close to the
onset of the Einstein ring formation (i.e. at µ = µtrans), the
approximation (71) breaks down at this point. However, it is
easy to improve the Einstein ring cross section, considering
that the expression above is linear in (µmax − µth). We add
a correction term that is quadratic in this quantity and fix
the cross section at µtrans to its exact value (piR20). In other
13 This expression is valid for s ≤ 1, so that there are two images,
and therefore for µ ≥ 2.
words, we build an extreme perfect quadratic approximant
to the cross section between the onset of the Einstein ring
formation and the perfect Einstein ring solution, such that
the cross section is
σEµ = pi
(
4R20 − µthR30
)
− 1
R20
(
3pi − 8
(4 − 8/pi)2
) (
4R20 − µthR30
)2
.
(72)
In fact, this expression provides an excellent approximation
for the magnification cross section in the full range from
µtrans to µmax, as can be seen in fig. 4. By joining this so-
lution with the expression (70) we may construct a single
continuous approximation to σµ. These two curves match
at µJ = 2.15/R0 < µtrans.
Therefore, we build a single approximate magnification
cross section for finite sources in the full range of the mag-
nification threshold by using σPµ (Eq. 70) for µth < µJ and
σEµ (Eq. 72) for µth ≥ µJ . This is shown as the dotted line
curves in fig. 4.
As we can see from Eqs. (29) and (31), the magnification
can be written as µA = f (s/R0) /R0, where f is expressed in
terms of the incomplete and complete elliptic integrals for
s ≥ R0 and s ≤ R0, respectively. Therefore, the cross section
will be given by σµ = pi
[
f −1 (µthR0)
]
R20 . This form is ex-
plicit in Eqs. (70) and (72) and this is why µJ , µtrans, µmax,
etc. are all ∝ R−10 . Given this form, the accuracy of approxi-
mations (70) and (72), more specifically their fractional de-
viation with respect to the exact result, will be a function of
the combination µthR0. The highest discrepancy between the
exact and approximate solutions occurs at µJ and is 6.2%.
Outside the range 1.6 . µthR0 . 2.3 the approximations
deviate less than 2%. In particular, this precision holds in
the whole interval of magnifications within the Einstein ring
formation. The perturbative solution is practically exact for
µth . R−10 . Of course the approximate solutions can be im-
proved arbitrarily by considering higher order expansions.
However, the error achieved with expressions (70) and (72)
is already much smaller than other uncertainties involved
in the modeling of the statistics of highly magnified sources
(e.g., Hezaveh & Holder 2011; Lapi et al. 2012).
4.3 Cross Section for Arc Formation
In sections 3.2 and 3.3 we have tested several definitions
and approximations for L and W , seeking expressions that
are at the same time accurate and written in a simple an-
alytic form. In particular, we have found that L2 (Eq. 35)
is extremely accurate in the whole parameter space of the
problem for the external image. For the internal image L2 is
also very accurate in the region where it has an arc shape.
This is the relevant region for the arc cross section as it
is the only configuration where the image can have a large
L/W in the tangential direction. We found that Wc (Eq. 49)
is a good approximation to the width of the image, except
perhaps close to the Einstein ring. Using these two choices
the axial ratio takes a very simple form
L
W
=
L2
Wc
=
(
1
R0
arcsin
(
R0
s
)
± 1
)
. (73)
This expression shows explicitly the existence of a maxi-
mum value for the length-to-width ratio given by (L/W)max =
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Figure 4. Magnification cross section as a function of the magnification threshold (left) and source radius (right). The dashed lines
represent the exact result from the numerical inversion of the elliptic integral. The small circles on the left panel correspond to the value
of µtrans, at which the solution switches from two arcs to an Einstein ring. The dotted lines show the results of the perturbative expansions
(70) and (72). In the right panel, the larger dot on the dotted line corresponds to the value µJ at which the approximate cross section
transitions from the two perturbative expressions. The solid line is the infinitesimal source approximation (Eq. 68).
pi/(2R0) ± 1, which corresponds to the formation of an Ein-
stein ring (s = R0). This value is easy to understand, as the
two images are touching at their extrema on the verge to
form the ring, such that the maximum value for L can be
approximated by pi, and (L/W)max ' pi/(2R0). From the ex-
pression (73) above it is easy to find the threshold value sth
such that L/W ≥ R. For s ≤ R0 an Einstein ring is formed
and this region does not contribute to the arc cross section.
We can compute the cross section for the formation of
each arc (internal and external) individually. The total cross
section will simply be the sum of the two cross sections (as in
Eq. 65). If the two arcs have length-to-width ratios above the
threshold, that source position will count twice for the total
cross section, if only one arc satisfies this condition, it will be
counted once. Below we show the results for the individual
arc cross sections, which are determined by R0 ≤ s ≤ sth and
are given by
σL/W = piR20
(
csc2 (R0(R ∓ 1)) − 1
)
. (74)
This cross section is shown in fig. 5 (dashed line), along with
the cross section for infinitesimal sources (Eq. 66, solid line).
We see that the cross section for finite sources goes to zero
for R ≥ (L/W)max as no arcs can be formed with length-to-
width ratio above this value, as pointed out in Rozo et al.
(2008), in contrast to the infinitesimal source case.
For small values of R0 (and far from the Einstein ring
formation) we may use the expression (59) for L/W . Solving
the third order equation for sth for a given R, and taking the
lowest order in R0 leads to the cross section
σP
L/W =
pi
(R ∓ 1)2
− 2
3
piR20, (75)
where again, we have subtracted the region where Einstein
rings are formed (piR20). This expression shows the first order
correction for finite sources to cross section for infinitesimal
circular sources (Eq. 66). Notice that, although the finite
source L/W (Eq. 59) is higher than the infinitesimal one
(Eq. 12), there is a lower limit in s such that Einstein rings
are formed. We are excluding this region from the cross
section, whereas this effect is not present for infinitesimal
sources.
In Fig. 5 we show the perturbative cross section as a
function of R and R0, along with the complete cross section
(Eq. 74) and the infinitesimal one (Eq. 12). We see that the
first order correction for finite source size is a very good ap-
proximation for lower values of the length-to-width thresh-
old and captures the behavior of the full cross section until
close to the formation of the Einstein ring.
5 SUMMARY
In this paper we investigated the geometrical properties of
the images of finite circular sources lensed by a SIS, aiming
to compute the magnification and arc cross sections. First
we obtained their area A, length L, and width W , testing
several expressions for the latter two. The area is written in
terms of elliptic integrals covering all possible source posi-
tions (Eqs. 27 and 30). We found that the length L4 (Eq. 39),
which is currently the most commonly adopted to measure
arcs, is virtually indistinguishable from the exact integra-
tion along the arc ridgeline. The alternative definition L2
(Eq. 35) also provides an excellent approximation to better
than 1% precision for the external arc and has a simple ana-
lytical form. The width Wi defined from the area and length
is in good agreement with the width at the arc center and
with the mean width W , as long as the right correction fac-
tor is applied in the later case. For the SIS the correction
factor proposed in Redlich et al. (2012) is manifest. We ob-
tain perturbative expressions to the lowest nontrivial order
in R0 for the area and all length and width definitions, which
show clearly the finite source corrections to the solutions for
infinitesimal sources.
From these quantities, we derive the total magnification
µA and the length-to-width ratio L/W of the arcs. We ob-
tain an approximate solution for µA well inside the Einstein
ring regime. Far from this regime, both µA and L/W are
enhanced for finite sources with respect to the infinitesimal
case. The length-to-width ratio is expressed in a very sim-
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Figure 5. Arc formation cross sections (dashed curves), perturbed arc formation cross sections (dotted curves) and infinitesimal
approximation (black solid line) for fixed value of the source radius (left) and for a fixed value of the threshold (right). The first and
second rows correspond to the external and internal arc, respectively.
ple form for L2/Wc (Eq. 73), which is a good approximation
until the onset of Einstein ring formation.
Finally we apply these results to derive the cross sec-
tions. For the magnification, σµ, we obtain the exact solu-
tion from the numerical inversion of the elliptical function,
which is valid for sources of arbitrary size (as long as their
radius is smaller than the Einstein one), including both arcs
and rings. We also obtain an approximation in simple form,
valid for all magnification thresholds (Eqs. 70 and 72). For
the arc cross section, σL/W , we obtain a solution in terms
of elementary functions (Eq. 74), for a specific choice of the
length and width definitions, valid for all length-to-width
thresholds until the formation of an Einstein ring. We also
derive a perturbative solution (Eq. 75) showing explicitly
the finite source correction. We show that the cross sections
vanish for thresholds above a given value (Rmax ' pi/(2R0),
µmax = 4/R0), which is a behavior also noted in simulations
(see e.g., Bartelmann & Weiss 1994; Rozo et al. 2008; Heza-
veh & Holder 2011; Lapi et al. 2012). This is easy to un-
derstand as µA and L/W are bounded in the case of finite
sources.
In Appendix A we compare the geometrical properties
of the SIS arcs with those from the ArcEllipse. The results
justify the use of the A–L–W and W–W relations valid for
ellipses to the case of gravitational arcs (at least those from
SIS and circular sources), as has been done in previous works
using simulations (e.g., Bartelmann & Weiss 1994; Oguri
2002; Redlich et al. 2012).
In Appendix B we discuss a formalism by Fedeli et al.
(2006) to include finite source effects in the cross section
computation, showing that it yields a good approximation
to the results of this paper for small sources.
6 CONCLUDING REMARKS
We have presented a first study of the magnification and
arc cross sections as computed from the exact solution for
the images of finite sources. The choice of a simple lens
and source model allowed us to work all expressions up to
the cross section in analytical form. Despite the simplifying
assumptions of SIS lens and circular sources, this example
is not of purely pedagogical interest. Indeed, this combina-
tion of models has successfully been used to reproduce the
observed abundance of sub-millimeter sources (Lapi et al.
2012). Furthermore our approach clarifies the results ob-
tained empirically using ray-tracing simulations, such as the
scaling of the maximum magnification µmax with the source
size (Lapi et al. 2012). It becomes clear why the magnifica-
tion cross section for finite sources is enhanced for moderate
magnifications and has a cutoff for µ > µmax. This behavior
is also seen in the ray-tracing results (e.g. compare Fig. 3 of
Hezaveh & Holder 2011, with our Fig. 4).
Analytical solutions for the magnification of finite
sources have been obtained in the literature (e.g. Refsdal
1964; Inoue & Chiba 2005; Dobler & Keeton 2006). However,
to the best of our knowledge, these results have not been
used previously to obtain the magnification cross section and
its applications. Also, we are not aware of analytic studies
on the length-to-width ratio of arcs, except the approxima-
tive method of Fedeli et al. (2006). Finite source effects in
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the magnification and arc cross sections have been studied
through ray-tracing techniques (e.g., Oguri 2002; Hezaveh &
Holder 2011; Lapi et al. 2012). When applicable, our results
are in agreement with these studies and provide a clear in-
terpretation of some finite source effects addressed by them.
The approach laid out in this paper paves the way for
similar studies using more generic lens and source models.
For example, some results can be readily extended for ellip-
tical sources and SIS lenses (de Freitas et al, in prep.). This
approach can be applied to other known analytical solutions
for arcs from singular isothermal models, including external
shear (Dobler & Keeton 2006), elliptical mass distributions
(Dobler et al. 2008), and the combination of the two includ-
ing source ellipticity (Du´met-Montoya, et al., in prep.). Fur-
thermore, the method can be applied to lenses with more
generic mass distributions using the analytic solutions for
arcs from the perturbative approach of Alard (2007, see also
Peirani et al. (2008)). Even if these cases do not lead to ana-
lytic expressions all the way down to the cross sections, the
approach employed in this paper can speed up numerical
computations by orders of magnitude as compared to ray-
tracing methods (Dobler et al. 2008) and provide hindsight
on the solutions, and we expect it to be employed in realistic
applications of arc statistics.
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APPENDIX A: GRAVITATIONAL ARCS AND
THE ARCELLIPSE SHAPE
Appendix A
The ArcEllipse (Furlanetto et al. 2013) is a simple geo-
metrical figure to represent arc shapes. It is constructed by
distorting an ellipse, such that its major axis is bent into
an arc of a circle. Therefore, instead of keeping constant the
weighted squared sum of the distances to the Cartesian axes
of coordinates, as in a standard ellipse, the ArcEllipse con-
siders the distances perpendicular and tangential to a circle.
The ArcEllipse is thus the set of points whose distances from
a point on the circumference along the tangential direction
(rc∆θ) and along the radial direction (∆r) satisfy(
rc∆θ
a
)2
+
(
∆r
b
)2
= 1, (A1)
where rc is the radius of curvature of the circle (and of the
constructed arc), a is the length along the circle and b is
the width at the center in the radial direction (akin to the
semi-axes of an ellipse).
Choosing the curvature center to coincide with the cen-
ter of the polar coordinates we have ∆r = x−rc and ∆θ = φ−θ˜,
where θ˜ is the orientation of the ArcEllipse center. Solving
the quadratic expression above, we have
x(±) = rc ± b
√
1 −
[
rc(θ˜ − φ)
a
]2
, (A2)
where x(+) and x(−) delimit the inner and outer boundaries
of the ArcEllipse, respectively.
The extremities of the arc occur when x(+) = x(−), sim-
ilarly to the SIS case, and are given by φi = θ˜ − a/rc and
φ f = θ˜ + a/rc .
Eq. (A2) is akin to expression (18), except that now the
ridgeline
(
x(+) + x(−)
)
/2 is, by construction, a segment of a
circle and the curvature center is the center of the coordi-
nate system. Therefore, all length definitions from L2 to L6
(Eqs. 35–43) coincide for the ArcEllipse and are given by
LAE = rc
(
φ f − φi
)
= 2a. (A3)
The width at the center of the arc is given as in Eq. (49):
WAE =
(
x(+) − x(−)
) 
φ=θ˜
= 2b. (A4)
Therefore, the ratio L/W is given by LAE/WAE = a/b, ex-
actly as in the ellipse case.
The area is computed in a similar fashion as in Eq. (23)
and is given by (Furlanetto et al. 2013)
AAE = pi4 LAEWAE, (A5)
which is identical to the area of an ellipse with semi-axes a
and b.
We may define the ratio fA = A/(LW) as a form factor
of a geometrical figure. In the case of the ArcEllipse this fac-
tor is pi/4. Of course, this factor will be smaller the sharper
the extremities of the figure, i.e., when the width decreases
significantly away from the center. For an annulus segment,
for example, fA = 1. In Fig. A1 (upper panels) we show the
relative difference of the area form factors for the ArcEllipse
and for the arcs produced by a SIS with circular sources
∆ fA/ fA =
(
f SISA − f AEA
)
/ f AEA . We consider two definitions
of L for making the comparison with the SIS case: the exact
length along the arc ridgeline L3 and the approximation L2
that we used to compute the arc cross section. We use the
same width definition as for the ArcEllipse, i.e., the width
at the center of the arc Wc = 2R0. For the external arc,
the difference in the form factor is remarkably small until
close to the formation of the Einstein ring. At that point
the arc extremities become sharper and the shape deviates
more substantially from the ArcEllipse. As expected, the dif-
ference between the two length definitions is negligible. For
the internal image, in the regime in which it is arc shaped
(s ≤ 1/2) the form factors are also very similar to the Ar-
cEllipse, except close to the Einstein ring formation. In the
whole range of s the difference is smaller using L2, especially
when the image loses its arc shape and takes a droplet shape.
The difference in form factor decreases for smaller sources,
i.e., the smaller the source the more the images look like
ArcEllipses.
The mean width of the ArcEllipse along the radial di-
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Figure A1. Relative difference of the area form factor fA = A/LW (top panel) and the width form factor fW =W/Wc (bottom panel)
between the ArcEllipse and the images of circular sources lensed by a SIS. The parameters are R0 = 0.2 (left) and s = 0.2 (right).
rection is obtained as in Eq. (51) and is given by
WAE =
pi
2
b =
pi
4
WAE . (A6)
We may define another form factor of a figure by the ratio
fW = W/Wc . Again, arcs with thiner/sharper extremities will
have lower values of fW . In Fig. A1 (lower panels) we show
the relative difference of the width geometrical factor for the
ArcEllipse and the SIS arcs, ∆ fW / fW =
(
f SIS
W
− f AEW
)
/ f AEW .
In this case, the behavior is the same for the internal and
external arcs. We see that the differences are very small,
except close to the Einstein ring limit. However, even when
the two images are touching, the differences are . 15%, as
for fA .
A simple recipe to obtain an ArcEllipse that matches
the image of circular source lensed by a SIS is: i) center
the ArcEllipse at the curvature center of the image, from
Eqs. (21) and (22), such that rc = r0, ii) choose the ArcEl-
lipse length such that a = rcθ0, with θ0 given by Eq. (40),
iii) choose the ArcEllipse width such that b = R0. The re-
sulting figure is almost identical to the SIS arc, except close
to the formation of an Einstein ring. In the case of the in-
ternal image its shape is very similar to an ArcEllipse in
the regime in which the image is arc shaped. The deviations
from the ArcEllipse shape are well described by the differ-
ences in the form factors shown in Fig. A1. The smaller the
ratio R0/s, the SIS arc solution is closer to the ArcEllipse. In
brief, for most configurations, the ArcEllipse is an excellent
representation to SIS arcs.
APPENDIX B: APPROXIMATE
COMPUTATION OF FINITE SOURCE
EFFECTS IN THE LENS PLANE
As mentioned in Sec. 4, to obtain the cross sections for fi-
nite sources one has to obtain their images, which usually
implies solving the lens equation numerically and is compu-
tationally expensive. The conditions L/W > R or µ > µth
then define the area in the source plane for which the im-
ages satisfy these conditions (Eq. 60). On the other hand,
the computation for infinitesimal sources can be carried out
on the lens plane, from Eq. (61), without the need of invert-
ing the lens equation, as the local magnification and axial
ratios are naturally defined in this plane.
Fedeli et al. (2006) have proposed an approximate
method to compute the cross section for finite sources in the
lens plane. According to their proposal, extended sources are
taken into account by convolving the eigenvalue ratio with
a suitable window function quantifying the source size. In
their method the axial ratio L/W is approximated by
h =
∫
R2
Rλ(y)g(y)d2y =
∫
R2
Rλ(x)g(x) d
2x
|µ(x)| , (B1)
where Rλ is the axial ratio for infinitesimal circular sources,
as defined as in Eq. (11), and g(y) is a window function rep-
resenting the surface brightness distribution of the source.
For a uniform circular source g(x) = g(y(x)) is zero outside
the image of the source and takes the value 1/
(
piR20
)
inside.
In Fedeli et al. (2006) the expression for L/W is fur-
ther approximated so as to avoid explicitly carrying out the
integral (Eq. B1). By assuming that the eigenvalues of the
mapping do not change significantly across a single source,
they find an approximate solution for h in terms of deriva-
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tives of Rλ (Eq. 11) and the mean values of the eigenvalues
λr,t (Eq. 4) (see their expression A.16). These authors ap-
ply their formalism to lenses with Navarro—Frenk—White
(Navarro et al. 1996) profiles and elliptical potentials to
represent merging clusters (Fedeli et al. 2006). They find
a good agreement between these approximations and ray-
tracing simulations, but with a computation time reduced
by a factor of ∼ 30 with respect to the latter.
In the case of the SIS, it is simple to obtain an an-
alytical expression for h without the need of any further
approximation. In this case we have Rλ(x) = µ(x), such that
the integral (B1) is simply Aex,in/
(
piR20
)
, which is exactly
the magnification of each image (Eq. 27). Therefore, in this
approximation, the arc cross section is obtained by replacing
L/W with µex,inA . This cross section, which will be referred to
as σh, is computed as in section 4.3 applying the condition
µex,inA ≥ R (and excluding the arc formation region s < R0).
In this case the cross section does not have an analytic solu-
tion and has to be obtained numerically from the inversion
of the elliptic integral.
In Fig. B1 we show the resulting σh as a function of R
for a few values of R0, together with the cross section σL/W
(Eq. 74). We see that replacing the axial ratio L/W by h
does capture the dependence of the finite source cross section
with R0 and R and provides a good approximation to the
arc cross section for R . 10. The approximate cross section
is systematically lower than σL/W , which is qualitatively
consistent with the results of Fedeli et al. (2006), where the
proposed approximation appears to underestimate the cross
section as compared to the ray-tracing simulations (see their
Fig. 1).
We may obtain an explicit expression for σh for R0  1
by using the perturbative expansion of the magnification for
each arc (Eq. 28) and following the same procedure as in
section 4.3, which gives
σPh =
pi
(µth ∓ 1)2
− 3
4
piR20 . (B2)
This result is shown in Fig. B2, for R = 10, along with
σh, σL/W , its perturbative expansion in R0 (Eq. 75) and the
infinitesimal cross section. As expected all four expressions
for finite sources are similar for R0  1.
By comparing Eqs. (75) and (B2) we see that the first
correction terms to the cross section for finite sources differ
by about 10% from using the exact L/W and h. Therefore,
the difference between the two cross sections is less than 10%
at the perturbative level.
We conclude that the approximation based on equation
(B1) is accurate, at least in the case of a SIS lens and circular
sources.
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Figure B1. Comparison between the arc cross sections using L/W for finite sources (dotted), the convolution h of the local eigenvalue
ratio on the image (dashed), and the infinitesimal source approximation (black solid line) for fixed values of the source radius. Left:
external arc. Right: internal arc.
Figure B2. Arc cross sections using L/W , σL/W (dash-dotted curve) and σPL/W (densely dotted), using the approximation h, σh
(dashed curve) and σP
h
(dotted line) and the infinitesimal source approximation (black solid line) for R = 10. Left: external arc. Right:
internal arc.
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